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ABSTRACT. We find a lower bound on the number of quadratic exten-
sions of the function field F4(7") whose class groups have an element of
a fixed order.

More precisely, let ¢ be a power of an odd prime and let g be a

fixed positive integer > 3. There are > qe(%+é) polynomials D € F,[T)

with deg(D) < £ such that the class groups of the quadratic extensions
F,(T,+/D) have an element of order g.

1. INTRODUCTION

In a recent paper Murty [12] showed that if g is a fixed integer > 3 then
the number of imaginary quadratic fields whose absolute discriminant is < x

1 1
and whose class group has an element of order g is > 2279, He also showed
that the number of real quadratic fields whose discriminant is < x and whose

class group has an element of order g is > a:%

In this paper we prove the analogous result for function fields rather than
number fields except that we improve the bound for the analog of the real
quadratic case to match the bound obtained in the analog of the imaginary
quadratic case.

The problem of divisibility of class numbers for number fields has been
studied extensively. Gauss studied the case ¢ = 2. The case g = 3 was
studied by Davenport and Heilbronn [4]. For any g the infinitude of such
fields was established by Nagell [13], Honda [10], Ankeny and Chowla [2],
Hartung [9], Yamaomoto [15], and Weinberger [14]. Assuming the ABC
Conjecture Murty [11] obtained a quantitative lower bound on the number
of such fields. More recently Murty [12] improved the technique to give the
result mentioned earlier without assuming the ABC conjecture. A conjecture
of Cohen and Lenstra [3] predicts that as x increases a positive fraction
of discriminants < z produce quadratic extensions whose class number is
divisible by any fixed g.

Interest in function fields was stimulated by the doctoral thesis of E. Artin
[1] and the class number problem for function fields has been studied. For
example, if g is not divisible by ¢ then Friesen [7] constructed infinitely
many polynomials M € F,[T] of even degree such the class groups of the
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quadratic extensions Fy (7', v/ M) of the function field F,(7) have an element
of order g. Friesen and van Wamelen [8] have also found a lower bound on
the number of polynomials M of degree 4 such that F, (7T, VM) has class
number 1 as ¢ varies. Friedman and Washington [6] have studied the Cohen-
Lenstra conjecture in the function field case, and Yu [16] has established the
Cohen-Lenstra conjecture as the characteristic tends to infinity for fixed
discriminantal degree.
We now state the main result of this paper:

Theorem. Let q be a power of an odd prime and let g be a fixed positive

1 1
integer > 3. There are > q€(§+5) quadratic extensions Fy(T, v D) of Fy(T')
with deg(D) < ¢ whose class group has an element of order g.

The remainder of this paper will present the proof as a series of lemmas.
The main outline is as follows. We show that if n and m are monic elements
of F,[T7], if a € F is not a square, if deg(m?) > deg(n?), and if D = n%2—am9
is squarefree, then the class group of Fy (T, VD) has an element of order g.
Using sieve methods and by letting m and n vary we are able to give a lower
bound on the number of m and n such that D is squarefree. Finally, we
show that as m and n vary there are relatively few duplicated values of D.

2. PRELIMINARIES

F, will denote the finite field with ¢ elements where ¢ is a power of an
odd prime. R = [T is the polynomial ring with coefficients in F, over the
indeterminate 7" and the function field F,(T") is the field of fractions of R.
If D € R is squarefree then we consider the quadratic extension Fy(T,v/D).
This is analogous to the quadratic extension Q(\/ﬁ) where D is a squarefree
rational integer. Recall that in the number field case we distinguish between
the cases D = 2,3 (mod 4) and D =1 (mod 4). In the function field case
this distinction is unnecessary, and the ring of integers of F, (7, \/T)) is simply
F,[T,v/D]. The norm of a+bv'D € F,[T,/D], denoted N(a+ bv/D), is the
number of elements in the quotient F,[T,v/D]/(a+ bv/D) which is the same
as qdeg(a27b2D)'

The class group of Fy(T, VD) is defined just as in the number field case.
It is the multiplicative group of fractional ideals of F, (T, VD) modulo the
principal fractional ideals. As in the number field case the class group as-
sociated with a finite extension of Fy(T) is a finite abelian group. Given
a fixed integer g we are interested in finding polynomials D such that the
class group of F, (T, VD) has an element of order g.

The symbol p will always represent a monic irreducible polynomial in R.
The symbols n and m will also be monic (but not necessarily irreducible)
polynomials in R of degrees j and k respectively. The expression ) . f(m)
would mean to sum f(m) over all monic polynomials m of fixed degree k.
If @ and b are elements of R, then (a,b) represents the greatest common
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(monic) divisor of @ and b. If a and b are ordinary integers then (a,b) will
denote the greatest common divisor in the usual sense.

3. CLASS GROUPS WITH ELEMENTS OF ORDER g

In the following lemma we construct quadratic extensions of Fy(7") whose
class groups contain elements of order g.

Lemma 1. Let g be a positive integer > 3. Assume n,m € R are monic,
a € By is not a square, deg(m?) > deg(n?), and D = n% —am?9 is squarefree.
Then the class group for Fy(T, \/5) has an element of order g.

Proof. First we note that (n,m) = 1 because if there were a common factor
of n and m then D would not be squarefree. We factor am? as

am? =n? — D = (n+VD)(n— VD).

Suppose I|(n + /D) and I|(n — /D). Then n++vD € I and n — VD € T
which implies that n, D € I and I = R = F,[T]. Thus the ideals (n + v/D)
and (n — /D) are relatively prime. Therefore

(m)? = (n+vVD)(n — VD) = a%a’?
where a and o are ideals such that (n + /D) = a9 and (n — /D) = a’Y.
Taking norms we find that N(m) = ¢?3¢(™ = N(a)? so that N(a) =
q9°8(m)  Now suppose that a” is principal for some r < g:
a" = (u+vVD).
Then
N(a)r — qrdeg(m) — N(u + U\/B) — qdeg(u271)2D)

and because the leading coefficient of v2D is not a square this is
> qdeg(D) _ qdeg(nz—amg) _ qdeg(mg)
= N(a)?.

This is a contradiction unless r = g. O

4. HOW OFTEN 1S D = n? — am9 SQUAREFREE?

In light of Lemma 1 we would like to construct a lower bound on the
number of squarefree expressions D = n? — am? as n and m vary such that
deg(n) = j and deg(m) = k and deg(m9) > deg(n?). Regarding k as the
independent parameter we will maximize the number of possible values of
D by choosing j to be the optimally large value j = |gk/2] if gk is odd or
Jj = lgk/2| —11if gk is even. Let s(h) be 1 or 0 according as h is squarefree
or not. Also let

sa(h) = {1 if d?> does not divide h whenever 1 < deg(d) < z

0 otherwise.
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We would like estimate the sum

Z s(n? — am?).
deg(m)=k
deg(n)=j

Lemma 2. By counting expressions n> — am? that are squarefree in the

small factors we obtain the following sieving inequality:

Zsz(n2—amg)223(n2—amg) 2232(n2—amg)— Z 1.

m,n m,n m,n m,n,p
deg(p)>z
n2—am9I=0(p?)
With an appropriate choice of z (depending on k) we will show that for
large k

#{distinct squarefree values of n? — am9}
~ Z:s(n2 —am?) ~ Z:sz(n2 —am9)
m,n m,n

> ¢k,

Several auxiliary functions will be useful for estimating the terms in
Lemma 2. Define the Mobius p function on the nonzero elements of R. If
h € R has factorization ap]” - - - p;"* where a € F, and the p; are irreducible
monic polynomials in R then

1 if heFy,
p(h) =< (=1t if a; = 1 for all 4,
0 otherwise.
For z > 1 let
Piz)= ] »
irreducible p
deg(p)<z
and let

Nuw:(d) = Y s.(n*—am?).
deg(n)=j
For fixed m,h € R let
pm(h) = #{n € R/hR : n? —am? = 0(h)}.

Thus py, (h) is the number of n € R/hR satisfying the congruence n
0 (mod h).
We will use the following elementary estimate several times:

2_amd =

Lemma 3. Ifn(u) represents the number of irreducible polynomials in Fq[T
of degree u > 0, then 7(u) < ¢“/u.

Proof. Since ¢ = }_;, dm(d), the upper bound is clear. O
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deg(P) if p is irreducible and p divides m.

p)=4q

p?) < 2 if p is irreducible and p does not divide m.

d*) ov(d)gdee(m) for squarefree d where v(d) is the number of
ct monic irreducible polynomials of degree > 1 that divide d.

3N

Proof. The multiplicativity of p,, is an immediate consequence of the Chi-
nese remainder theorem.

Suppose that n satisfies n? — am? = 0(p?) with p dividing m. Then p
divides n. There are exactly ¢3°8() multiples of p modulo p.

Suppose that n satisfies n? — am9 = 0(p?) but that p does not divide m.
The solution n must be a ‘lift’ of a solution modulo p. That is, n = nq + pt
where n — am9 = 0(p). We know there are at most two solutions of the
congruence modulo p. Then

0= (ny+pt)? —am? = (n? — am?) + 2n1pt  (mod p?)
implies
n? —am9
p

0 +2nyt  (mod p).

When p does not divide n and (2, q) = 1 there is a unique ¢t (mod p) satisfy-
ing the last congruence. Thus the solution 1 (mod p) gives rise to a unique
solution n (mod p?). Therefore, in this case, p,(p) < 2.

Now let v(d) represent the number of distinct nonconstant monic poly-
nomials dividing d where d is squarefree. Then

Pm(d) — Hpm(p2) H ,Om(pQ) < queg(p) H 2 < 21/(d)qdeg(m).

pld pld pld pld
plm (p,m)=1 plm (pym)=1

O]

The following lemma tells us a choice of z that allows the sieve in Lemma
2 to yield interesting information.

Lemma 5. Given any € > 0 we can choose k (independently of m) so that
if z = klog(k) then

Nm,z(j) = qj H (1 - pm(pQ)q_ deg(pz)) + O(q(l-‘re)k)‘
deg(p)<z
Proof. Let Nm,z (J) = Zdeg(n):j Sz (n2 — amg). Then

N =Y. > wld= > wd >, 1L

d monic d n
&2|(n%—am9,P(2)) &2|P(2) n?—am9=0(d?)
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If j > deg(d?) then

o= P (d2) g8 )

deg(n)=j
n2—am9=0(d?)

while if j < deg(d?) then

> 1< pml(d?).
deg(n)=j
n2—am9=0(d?)
Thus
Nonz(3) = > d){pm(d?)q =) + O(ppm(d*))}
d|P(z)
! T B
deg(p)<z d|P(z
Now
Z pn(d2 deg Z 21/
d|P(z) d|P(z)
= gdes(m) H (1+2)
deg(p)<z

< qdeg(m)ng

Given any € > 0 we can choose k such that if z = klog(k) then the last
expression is bounded by ¢¢* for sufficiently large k. Therefore for sufficiently
large k we have

Nm,z(j) = qj H (1 — pm(pQ)q_ deg(p2)) + O(q(l-‘re)k)‘
deg(p)<z

Lemma 6. We have the lower bound
Z s5.(n* —am?) Z Npn 2 (5) > ¢+,

Proof. We notice that
H (1— pm(p2)q—deg(p2)) — H (1 — g desl®)) H (1— pm(p2)q—deg(p2))

deg(p)<z p|m (p,m)=1
deg(p)<z deg(p)
> H (1 — ¢~ deel®)) H(l 2q— de8(P?))
plm all p
deg(p)

> H(l —deg(p Z“ —deg
plm

dlm
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Then we sum over m

Z H q_ deg(p? ))

deg(m)=k deg(p
> ) Z u(d)g 2D = 3" p(d)g s grdestd
deg(m)=Fk d|m deg(d)<k
= qk Z Iul(d)q72deg(d) — qk{(l _ qil) + O(qik>} > qk.
deg(d)<k

Summing the expression in Lemma 5 as m varies such that deg(m) = k and
apply the last inequality gives the lemma: Y =Ny, .(j) > ¢/**. O]

Lemma 7. Y, v(m) < log(k)q"

Proof.
> vim Z s < gty g L ~ < log(k)g"
m u<k
deg(p)Sk
O
Lemma 8.

Proof. We may write

doooo1=> Mo ()
m,n,p m

deg(p)>= dog( )>z
n2—am9 EO(pZ)

My p(j) = Z L

n
n2—am9=0(p?)

Because Mynp(j) = prm(p?)q/ 50 )it j > deg(p®) and Myp(f) < p(p?) if
j < deg(p?) we obtain an upper bound on M, ,(j)

. 2 qj—deg(P2)+1 lf p’m :1’
My () { ( ) i (p,m)

where

Summing over irreducible p results in

Z Mm,p(]) < Z ( j—deg(p )+1) + Z qj—deg(p)

z<deg(p)<j z<deg(p)<j z<deg(p)<j
(p,m)=1 plm
j—z J ,
<+ T wme
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Then summing the last expression over m gives

Jt+k—z Jj+k
SN M) <« Tt e 1 Y ()
m p J
<

m
j+k—z j+k
qJ+ q]
+

+log(k)qi Th—

1 1 log(k
11 loglk)
z2q* ) q*
j-Hc)‘

< ¢ )
= o(q
O

We have now shown (Lemmas 2, 6, and 8) that the number of squarefree
values of n? — am9 as m and n vary is

Zs(n2 —am?) > ¢tk
m,n

It remains to be shown that there is not too much duplication among the

expressions n? — am?.

Lemma 9. The number of squarefree elements of the form n? — am9 with

deg(n ) = j and deg(m) = k that are representable in more than one way is
o(g**).
2

Proof. Let mq and my be fixed unequal polynomials such that D = nj —
am{ = n% — am2 for some my and msy. Then

a(m‘f - mg) = n% - n% = (n1 — na)(n1 + na).

For fixed m; and msy the choices for n; and ns are derived from the divisors
of a(m{ — m3) which cannot exceed deg(m{ — m§) < gk. The number of
possible values of m; and my is O(¢?*) and therefore the total number of
squarefree elements of the form n? — am9 that are duplicated is O(gkq2k)
which is o(¢/t%). O

2

We have now shown that there are > ¢/ % distinct values of D = n"—am?.

Since j = |gk/2] or j = Lgk‘/2J — 1 there are > qgk( +5) distinct values of
1
D. Therefore there are > ¢ Ustsg) quadratic extensions F (T, v D) of F,(T)

such that deg(D) < 4.
This completes the proof of the theorem stated at the beginning.
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