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An Artin L-function is a generalization of the Riemann zeta func-
tion and the classical Dirichlet L-functions. Just as the Dirichlet L-
functions are useful in the study of primes in arithmetic progressions,
so are the Artin L-functions useful in the study of the decomposition
of primes in algebraic number fields. In contrast to the classical ob-
jects, we still do not have analytic continuation of these objects in the
general setting. If we did, this would have profound consequences in
the study of prime number theory, especially to various forms of the
effective Chebotarev density theorem, which can be viewed as the most
general form of the prime number theorem.

It was in the 1950’s that Brauer, using his celebrated induction
theorem, first obtained a meromorphic continuation of the Artin L-
functions. Later, in the 1960’s, when Langlands outlined his general
program, he formulated a stronger conjecture that Artin L-functions
“arise from” automorphic representations, which is a striking instance
of the theme of “modularity conjectures” that have now become cen-
tral in number theory. Indeed, it can be said without exaggeration that
Langlands [17] was the first to prove a non-abelian “modularity conjec-
ture” that launched a programme to attack such questions. The most
notable application of this result was to the theory of elliptic curves
and thus, as a consequence to the celebrated Fermat’s last theorem,
which arose from earlier work of Hellegouarch, Frey, Serre, Ribet and
finally, Wiles. It is equally remarkable that ideas from the latter the-
ory are establishing new cases of “modularity” in the theory of Artin
L-functions, as seen in the recent work [8] and [36] for instance.

This article is based on lectures given at the Tata Institute of Fun-
damental Research in December 1998. I am grateful to the Tata Insti-
tute for this opportunity as well as to A. Raghuram who latexed these
lectures and corrected the mathematics in some places. The article
surveys the many methods being invoked to study Artin L-functions,
but focuses on the author’s own work related to it, especially in the
context of Selberg’s conjectures. I would also like to thank NSERC
and a Killam Research Fellowship for financial support.
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1. Motivating examples

1.1. The Riemann ζ-function. The Riemann zeta function is a basic
prototype of L-functions occuring in number theory. This function was
introduced by Riemann in 1860 and is defined by

ζ(s) =
∞∑
n=1

1

ns
; for σ > 1.(1)

We shall, following the number theoretic tradition started by Riemann,
use the symbol s = σ + it for a complex variable s, whose real part is
σ and imaginary part is t.

The fundamental properties of the Riemann zeta function we are
interested in are summarised in the following theorem. (See Section
5.1 of [28].)

Theorem 1.1. 1. Convergence : The series defining ζ(s) con-
verges absolutely and uniformly on any compact subset of the re-
gion σ ≥ 1 + ϵ for every ϵ > 0.

2. Euler Product : For σ > 1 we have an Euler product expansion
for ζ(s) given by

ζ(s) =
∏
p

(
1− 1

ps

)−1

the product being taken over all prime numbers p in Z.
3. Analytic continuation & Functional equation : The func-

tion ζ(s) has a meromorphic continuation to the half plane σ > 0
and is holomorphic except for a simple pole at s = 1 with residue
equal to 1. Thus (s − 1)ζ(s) extends to an entire function of s.
Further let

Φ(s) = π−s/2Γ(s/2)ζ(s)

where Γ(s) is the usual gamma function. Then Φ(s) admits a
meromorphic continuation to the entire s-plane and is holomor-
phic everywhere except for simple poles at s = 0, 1 and satisfies
the functional equation

Φ(s) = Φ(1− s).

¿From the Euler product it is clear that ζ(s) ̸= 0 for σ > 1. Now
using the functional equation we get that the zeros of ζ(s) for σ < 0 are
exactly the poles of Γ(s/2) which gives that ζ(−2n) = 0 for all integral
n ≥ 1. These are called the trivial zeros of ζ(s). All the other zeros
must lie in the critical strip 0 ≤ σ ≤ 1. We have the famous Riemann
Hypothesis :
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Conjecture 1.1. (Riemann Hypothesis) All the non-trivial zeros
of ζ(s) occur on the line σ = 1/2.

It was Riemann who first realized the connection between distribu-
tion of zeros of ζ(s) and the distribution of prime numbers in Z. How-
ever, it was not until 1896, that J. Hadamard and de la Vallée Poussin
independently proved the prime number theorem from the fact that
ζ(1 + it) ̸= 0, ∀t ∈ R. We record this in the following two theorems
(see [25] for details).

Theorem 1.2. For all real t we have ζ(1 + it) ̸= 0.

Theorem 1.3. For x ≥ 0, let π(x) denote the number of prime num-
bers p in Z not greater than x. Then

π(x) =
x

log x
+ o

(
x

log x

)
, as x→ ∞

1.2. Dedekind ζ-function. Recall that a number field is a finite de-
gree extension of the rational number field Q. There is a generalization
of the Riemann ζ-function, due to Dedekind, which associates to any
number field K a function ζK(s) of a complex variable s.

Let K be a number field and let OK be its ring of integers. By
definition OK is the integral closure of Z in K. It is a fundamental fact
that OK is a Dedekind domain. (See Chapter 10 of [10].) For every
(integral) ideal a in OK let N(a) denote the absolute norm of a, i.e.
N(a) = #(OK/a). The Dedekind ζ-function associated to K is given
by :

ζK(s) =
∑
a

1

N(a)s
; for σ > 1.(2)

Note that ζQ(s) is nothing but the Riemann zeta function considered
in Section 1.1. The Dedekind zeta function has properties similar to
the Riemann zeta function and these are summarized in the following
theorem. (See Section 5.2 of [28].)

Theorem 1.4. 1. Convergence : The series defining ζK(s) con-
verges absolutely and uniformly on any compact subset of region
σ ≥ 1 + ϵ for any ϵ > 0.

2. Euler Product : For σ > 1 we have

ζK(s) =
∏
p

(
1− 1

N(p)s

)−1

where the product runs over all the prime ideals in OK .
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3. Analytic continuation & Functional equation : Let N be the
degree of K over Q. The function ζK(s) admits a meromorphic
continuation to σ > 1 − 1/N and is holomorphic except for a
simple pole at s = 1 with residue given by :

lims→1+ (s− 1)ζK(s) =
2r1(2π)r2Rh

m|D|1/2

where h is the class number of K, r1 is the number of real em-
beddings of K, r2 is the number of complex embeddings of K, R
is the regulator, m is the number of roots of unity and D is the
discriminant of K over Q. Thus (s− 1)ζK(s) extends to an entire
function of s. Further let

ΦK(s) = (π−s/2Γ(s/2))r1((2π)−sΓ(s))r2 |D|s/2ζK(s).
Then ΦK(s) admits a meromorphic continuation to the entire s-
plane and is holomorphic except for simple poles at s = 0, 1 and
satisfies the functional equation :

ΦK(s) = ΦK(1− s).

The residue formula is called the Analytic class number formula and
is a deep formula. The reader may refer to Section 5.2 of [28] for some
related matters.

¿From the Euler product it follows that ζK(s) ̸= 0 for σ > 1. Now
one may use the functional equation and deduce the location of zeros
of ζK using the information about poles of Γ(s) for σ < 0 (which is
well understood) and by knowing r1 and r2. These zeros are called the
trivial zeros of ζK(s). Notice that ζK(−n) = 0 for all integers n ≥ 0
if r2 ≥ 1. There is a “Riemann Hypothesis” for ζK which predicts the
location of the non-trivial zeros. This is given below.

Conjecture 1.2. (Generalized Riemann Hypothesis) All the non-
trivial zeros of ζK(s) occur on the critical line σ = 1/2.

The distribution of zeros of ζK(s) is connected with the distribution
of prime ideals in OK . The Hadamard-de la Vallée Poussin theorem is
valid as well for the Dedekind zeta function and this is used to prove
the prime number theorem for number fields. These are recorded in
the following two theorems.

Theorem 1.5. For all real t we have ζK(1 + it) ̸= 0.

Theorem 1.6. Let πK(x) denote the number of prime ideals p in OK

whose absolute norm N(p) is not greater than x. Then

πK(x) =
x

log x
+ o

(
x

log x

)
, as x→ ∞.
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1.3. Classical Dirichlet L-functions. LetN be an integer. ADirich-
let character modulo N is a character χ of (Z/NZ)× and is thought of
as a function, also denoted χ, of Z by defining it to be 0 on integers
which are not relatively prime to N. If N = 1 then this function, de-
noted 1, is the trivial Dirichlet character and takes the value 1 on every
non-zero integer and vanishes on 0.

IfM dividesN then we have a canonical map (Z/NZ)× → (Z/MZ)×.
A Dirichlet character modulo N is said to be primitive if it cannot be
factored via such a map for any proper divisor M of N. Given any
Dirichlet character χ modulo N there exists an integer fχ which di-
vides N and χ factors through (Z/fχZ)× and is primitive as a Dirichlet
character modulo fχ. This fχ is called the conductor of χ. We shall
henceforth deal only with primitive Dirichlet characters.

Let χ be a primitive Dirichlet character modulo N. To χ is attached
a function of a complex variable s, called the classical Dirichlet L-
function attached to χ and given by

L(s, χ) =
∞∑
n=1

χ(n)

ns
; for σ > 1.(3)

Remark 1.1. Note that the classical Dirichlet L-function for the triv-
ial Dirichlet character 1 is just the Riemann ζ-function dealt with in
Section 1.1. So for the rest of this section we deal only with non-trivial
Dirichlet characters.

Before we give the main theorem we need to introduce some Gauss
sums. To a primitive Dirichlet character χ of modulus N is attached
the Gauss sum τ(χ) which is given by

τ(χ) =
∑

m mod N

χ(m)e2πim/N(4)

The main fact we need about Gaussian sums is the easy to verify
fact that |τ(χ)|2 = N. Let wχ be the complex number of absolute value

1 such that τ(χ) = wχ
√
N.

We now summarize the main properties of the classical Dirichlet L-
functions in the following theorem. (See Section 1.1 of [7].)

Theorem 1.7. Let χ be a primitive Dirichlet character modulo N. As-
sume that N > 1. Choose ϵ = 0, 1 according to χ(−1) = (−1)ϵ.

1. Convergence : The L-function L(s, χ) converges absolutely and
uniformly on compact subsets of the region σ > 1.
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2. Euler Product : For σ > 1 we have

L(s, χ) =
∏
p

(
1− χ(p)

ps

)−1

where p runs over all the prime numbers in Z.
3. Analytic continuation & Functional equation : Let

Φ(s, χ) = N s/2π−s/2Γ

(
s+ ϵ

2

)
L(s, χ).

Since χ ≠ 1, one has that Φ(s, χ) admits an analytic continuation
to an entire function. In particular, if χ ̸= 1, then L(s, χ) ex-
tends to an entire function of s. Further it satisfies the following
functional equation

Φ(s, χ) = (−i)ϵwχΦ(1− s, χ).

In the previous sections we had seen that the non-vanishing of L-
functions on the line σ = 1 had some arithmetic significance. The
same is true for the classical Dirichlet L-function and gives the famous
theorem of Dirichlet on primes in arithmetic progression. We need
a notion of density to give an even precise statement on primes in
arithmetic progression.

Definition 1.1. Let S be a set of primes in a number field K. The
limit

lims→1+

∑
p∈S N(p)−s

−log(s− 1)
if it exists, is called the Dirichlet density of S.

Theorem 1.8. Let N > 1. Let χ be a primitive Dirichlet character
modulo N. Then for all t ∈ R we have

L(1 + it, χ) ̸= 0.

Theorem 1.9. Any arithmetic progression of the form {a + nd}n∈N
with the first term a being relatively prime to the constant difference d
contains infinitely many primes. In fact the Dirichlet density of this
set of primes is 1

ϕ(d)
where ϕ is the Euler ϕ-function.

1.4. Hecke L-functions. Let K be a number field and let m be an
integral ideal of K. Let Jm

K be the group of fractional ideals of K which
are relatively prime to m. Let Pm

K,+ be the subgroup of Jm
K containing

all those principal ideals (x), for x ∈ K∗ for which x is totally positive
and x− 1 ∈ m. Then Jm

K/P
m
K,+ is finite.

Let ψ be a character of Jm
K/P

m
K,+. Such a character is called aDirichlet

character of K modulo m. As in [14], such a character is obtained by
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a idele class character whose infinite components are discrete. Let hm
denote the number of distinct Dirichlet characters of K modulo m. The
character χ can be extended to a multiplicative map of JK - the group
of fractional ideals of K - by defining it to be 0 on all those ideals which
are not relatively prime to m.

Let ψ be a Dirichlet character of K modulo m. To ψ is attached an
L-function called the Hecke L-function and is given by

L(s, ψ) =
∑
a

ψ(a)

N(a)s
; for σ > 1(5)

where a runs over all the integral ideals in JK and for any integral
ideal a, N(a) denotes the absolute norm of a, which is the cardinality
of OK/a.

If we take m = (1) and ψ the trivial character 1 then we have
L(s,1) = ζK(s). If we take K = Q and m = (m) for some integer
m then it is easy to see that Jm

K/P
m
K,+ = (Z/mZ)×. And so we also

get the classical Dirichlet L-functions as particular cases of Hecke L-
functions.

We remark here that what we call Hecke L-functions are in some
literature called Dirichlet L-functions, for example in [14] and [28].
Hecke himself considered slightly more general characters which he
called grossencharacters. To such a grossencharacter is attached an
L-function and in this setting he proved the analytic continuation and
functional equation for such functions. This gives, in the particular
case when a grossencharacter is a Dirichlet character of K modulo m,
the following theorem.

Theorem 1.10. Let K be a number field of degree N over Q. Let m
be an integral ideal of K. Let ψ be a Dirichlet character of K modulo
m. Then :

1. Convergence : The Hecke L-function converges for σ > 1−1/N.
It converges absolutely and uniformly on compact subsets of σ > 1.

2. Euler Product : For σ > 1 we have

L(s, ψ) =
∏
p

(
1− ψ(p)

N(p)s

)−1

where p runs over all the prime ideals of K and N(p) denotes the
absolute norm of p.

3. Analytic continuation & Functional equation : Let

Φ(s, ψ) =

r1∏
i=1

Γ

(
s+ ai
2

)
Γ(s)r2

(
|DK |N(fψ)

4r2πN

)s/2
L(s, ψ)
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where r1 and r2 are respectively the number of real and complex
valuations on K, DK is the discriminant of K, fψ is the conductor
of ψ (refer [14] for a definition of conductor of ψ) and ai is 0 or
1 according as ψ((x)) depends or not on the sign of the i-th real
embedding of x for any x such that x− 1 ∈ m.
Then Φ(s, ψ) extends to a meromorphic function of the entire

s-plane and there exists a constant W = W (ψ) of absolute value
1 such that

Φ(s, ψ) = W (ψ)Φ(1− s, ψ).

It follows from the proof of the functional equation that L(s, ψ)
extends to an entire function of s if ψ is not the trivial character
and if ψ is trivial then L(s, ψ) is holomorphic everywhere except
for a simple pole at s = 1.

As in the ‘classical’ number theory of Sections 1.1, 1.2 and 1.3 the
Hecke L-functions can be used to derive the following ‘arithmetic the-
orems.’ Refer to [14] for a proof of all the following theorems in this
section.

Theorem 1.11. (Hadamard - de la Vallee Poussin - Landau)
For all t ∈ R we have L(1 + it, ψ) ̸= 0.

Theorem 1.12. (The prime ideal theorem) If ψ is not the trivial
character then ∑

N(p)≤x

ψ(p) = o

(
x

log x

)
, as x→ ∞.

If ψ is the trivial character then it boils down to Theorem 1.6 since the
Hecke L-function is then the Dedekind zeta function ζK(s).

2. Artin L-functions

2.1. Definition. Let E/F be a Galois extension of number fields and
let G = Gal(E/F ) be the Galois group. Let (ϕ, V ) be a representation
of G on a finite dimensional complex vector space V . An Artin L-
function is a meromorphic function, denoted L(s, ϕ, E/F ), attached to
this data.

We now collect some useful number theoretic information on prime
ideals in number fields and their ramification theory in extensions of
number fields.

Let E/F be an extension of number fields. Let p be a prime ideal
in OF . Let pOE = Pe1

1 · · · Peg
g be the factorization of pOE into prime

ideals in OE. (This is possible as the ring of integers of a number field
is a Dedekind domain.) Then {P1, . . . ,Pg} are all the prime ideals of
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OE which lie above p. Since E/F is Galois, the Galois group G acts
transitively on the set {P1, . . . ,Pg}. Let P be one of the primes Pi.
Let

DP := {τ ∈ G : Pτ = P}.
This is called the decomposition group of P . Let

IP := {τ ∈ G : τ(x) ≡ x (mod P) ∀x ∈ OE}.
This is called the inertia group of P . We will also need a filtration of
subgroups of the decomposition group given by congruence conditions.
We will let G0(P) denote the decomposition group DP and for all i ≥ 1
denote

Gi(P) := {τ ∈ G : τ(x) ≡ x (mod P i) ∀x ∈ OE}.
If there is no confusion about the prime P then Gi will denote Gi(P).

Let EP and F p denote the residue fields OE/P and OF/p respec-
tively. There is an isomorphism DP/IP ≃ Gal(EP/F p). Now EP/F p

is a Galois extension of finite fields and hence DP/IP is a finite cyclic
group generated by σP ∈ DP/IP which is (and reasonably so) called
the Frobenius automorphism and is characterised by

σP(x) ≡ xN(p) (mod P) ∀x ∈ OE.

Here N(p) denotes the absolute norm of p which is just the cardinality
of the finite field F p. Note that the Frobenius automorphism is well-
defined only modulo the inertia.

The prime p is unramified in E/F if and only if IP = {1} for any
prime P above p. Similarly the prime p splits completely in E/F if and
only if DP = IP = {1} for any prime P above p.

Since the action of the Galois group on the set of primes in E above
p is transitive we get that for two primes P1 and P2 above p there
exists an element in G which simultaneously conjugates DP1 into DP2 ,
IP1 into IP2 and σP1 into σP2 . This implies the following :

det(1−N(p)−sϕ(σP1)|V IP1
) = det(1−N(p)−sϕ(σP2)|V IP2

)

We are now in a position to define an Artin L-function. This is a
function attached to a finite dimensional representation (ϕ, V ) of G
given by

L(s, ϕ, E/F ) =
∏
p

det(1−N(p)−sϕ(σP)|V IP )
−1(6)

where p runs over all the prime ideals in OF .
It is also clear that det(1−N(p)−sϕ(σP)|V IP ) is independent of the

choice of σP in the conjugacy class (in G) containing σP . So we may
replace ϕ by its character χ = χϕ. So henceforth we are going to talk in
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terms of characters of representations and also change notation and we
let L(s, χ, E/F ) denote the Artin L-function attached to a character χ
of G.

We will now give what is called the completed Artin L-function. (The
reader may refer to [18] for details on completed Artin L-functions.)
These completed functions play a crucial role in describing the func-
tional equation satisfied by an Artin L-function. We will not really be
using these completed L-functions for the rest of the course. The reason
it is included here is so that the reader may see the functional equation
satisfied by Artin L-functions which will be helpful in Section 4.

Let
Λ(s, χ) := A(χ)s/2γ(s, χ)L(s, χ, E/F )

where A(χ) is a constant and γ(s, χ) is composed of Gamma functions
as described below. Let γ(s) = π−s/2Γ(s/2) and let

γ(s, χ) =
∏
p|∞

γp(s, χ)

where

γp(s, χ) =

{
(γ(s)γ(s+ 1))n , if p is complex

γ(s)n
+
p γ(s+ 1)n

+
p , if p is real,

the number n is the degree of χ, i.e. n = χ(1). If p is real then let P
be a place in E above p. Then the decomposition group DP is of order
1 or 2 and let it be generated by w. The integer n+

p is the dimension of
the subspace of V fixed by ϕ(w) and the integer n−

p is the codimension
of the same subspace.

The constant A(χ) is given by the formula

A(χ) = |DF |nN(f(χ))

where |DF | is the discriminant of F/Q and f(χ) is the so-called Artin
Conductor which is defined by :

f(χ) :=
∏
p

pnp (χ)

the product being over all the prime ideals in OF . The quantity np(χ)
is given by

np(χ) :=
∑
i

(|Gi|/|G0|) codimV (V
Gi)

and it is a theorem due to Artin that np(χ) is indeed an integer and is
zero for almost all primes. (See [33] for a proof of this theorem.)

Theorem 2.1. Let G be the Galois group of a Galois extension E/F
of number fields. Let χ be an irreducible character of G. The completed
Artin L-function Λ(s, χ) admits a meromorphic continuation to the
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entire s-plane and there exists a constant W = W (χ) of absolute value
1 such that

Λ(s, χ) = W (χ)Λ(1− s, χ).

The constant W = W (χ) which occurs in the theorem is called the
Artin root number. This theorem is due to Brauer and the main tool
in its proof is the Brauer’s induction formula. Refer to [18] for a proof
of this theorem and also for further properties of the root number.

2.2. Some easy properties. In this section we list some basic prop-
erties about Artin L-functions. References for the theorems in this
section are [14], [18] and Chapter 5 of [28]. The first theorem, due to
Artin, describes the dependence of the L-function on the character χ.

Theorem 2.2. Let G be the Galois group of a Galois extension E/F
of number fields. Let H and N be subgroups of G and assume that N is
normal in G. Let χ, χ1 and χ2 be characters of G. Let ψ be a character
of H. Let IndGH(ψ) denote the character of G obtained by inducing ψ
from H to G. (Sometimes we denote this induced character simply by
ψG.) Let τ be a character of G/N and let τ be the pull back of τ to G.
Then :

1. L(s, χ1 ⊕ χ2, E/F ) = L(s, χ1, E/F )L(s, χ2, E/F ).
2. L(s, ψ, E/EH) = L(s, IndGH(ψ), E/F ).
3. L(s, τ , EN/F ) = L(s, τ, E/F ).

The next theorem, also due to Artin, gives the relation between
Artin L-functions and the Dedekind zeta functions associated to num-
ber fields. Statement (3) below, which gives a factorization of the
Dedekind zeta function of a number field relative to a field it contains,
is called the Artin-Takagi factorization.

Theorem 2.3. Let G be the Galois group of a Galois extension E/F
of number fields. Let 1G be the trivial character of G. Let RG be the
regular character of G. Then :

1. L(s,1G, E/F ) = ζF (s)
2. L(s,RG, E/F ) = ζE(s)

3. ζE(s) =
∏

χ∈Ĝ L(s, χ, E/F )
χ(1), where Ĝ denotes the set of irre-

ducible characters of G.

Proof : Statement (1) follows from Statement (3) of Theorem ??.
Statement (2) follows from Statement (1) and Statement (2) of Theo-
rem 2.2. Statement (3) follows from Statement (2). 2
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2.3. Artin reciprocity law. In this section we give a brief summary
of those essential definitions and statements from global class field the-
ory which lead to the celebrated Artin reciprocity law. The summary
is based on the presentation in [28].

Let K be a number field of degree N over Q. Let AK be the adele
ring of K. Let IK be the group of ideles of K and let CK = IK/K

∗ be
the idele class group of K.
Letm be a cycle ofK by which is meant a formal productm =

∏
p p

np

where np ≥ 0 for all p. Further almost all the np are zero and if p is
Archimedean then np is 0 or 1. If p is finite, we set U

np
p to be the group

of np-th principal units of K (where U0
p = Up). If p is complex, we

set U
np
p to be C∗. If p is real, we set U

np
p to be R+ or R∗ according as

np = 1 or 0.
To a cycle m associate a subgroup ImK of IK consisting of all ideles α

such that
(1) If p is a finite prime then αp ∈ U

np
p .

(2) If p is a real place and np = 1 then αp > 0. (These conditions can
be said to be expressed as α ≡ 1(m).)

This gives rise to a congruence subgroup modulo m, denoted Cm
K ,

defined as Cm
K = ImK · K∗/K∗. The factor group CK/C

m
K is called the

idele theoretic ray class group of K modulo m.

Theorem 2.4. (Existence theorem) The map L 7→ NL = NL/K(CL)
gives a bijection between abelian extensions of K and closed subgroups
of finite index in CK . This bijection is inclusion reversing and preserves
the obvious lattice structures on both sides.

The closed subgroups of finite index of CK are called norm groups
of CK. If N is a norm group of CK then the abelian extension L/K
realizing N is called the class field of N .

Theorem 2.5. The norm groups of CK are precisely the subgroups of
CK which contain a congruence subgroup Cm

K for some cycle m.

Let m be a cycle of K. The class field Km of the congruence subgroup
Cm
K is called the ray class field of K modulo m.
If K = Q and m = p∞m where p∞ is the infinite prime of Q and

m is some integer, then Qm = Q(µm) where µm is the group of m-
th roots of unity in C. So the ray class fields of a number field are a
generalization of cyclotomic extensions of Q and Theorems 2.4 and 2.5
give the general form of the famous Kronecker-Weber theorem.

If L/K is an abelian extension then a cycle m of K is called a cycle
of declaration for L, if L ⊂ Km.
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One can talk about the idele theoretic ray class groups of a number
field in terms of ideals. Let Jm

K be the group of fractional ideals of
K which are relatively prime to m. Let Pm

K be the group of principal
fractional ideals (x) with x ≡ 1(m). The group Jm

K/P
m
K is called the

ideal theoretic ray class group of K modulo m and it is always a finite
group. If m = (1) then it is the usual class group of K. The following
lemma justifies the terminology.

Lemma 2.1. Let K be a number field and let m be a cycle of K. Then
CK/C

m
K is canonically isomorphic to Jm

K/P
m
K .

We are now in a position to state the Artin reciprocity law.

Theorem 2.6. (Artin reciprocity law) Let L/K be an abelian ex-
tension of number fields. Let m be a cycle of declaration for L/K.
There is a surjective homomorphism (called the Artin Symbol) from
Jm
K/P

m
K onto the Galois group Gal(L/K) whose kernel is Hm

L/K/P
m
K

where Hm
L/K = NL/K(J

m
L )P

m
K .

Further if χ is a character of Gal(L/K) and corresponds via the Artin
symbol to a Dirichlet character ψ then the respective Artin L-function
and the Hecke L-function are equal, i.e. L(s, χ, L/K) = L(s, ψ).

Corollary 2.1. Let G be the Galois group of a Galois extension E/F
of number fields. Let χ be a monomial character of G, i.e. χ is induced
from a one dimensional character of some subgroup of G. Then the
Artin L-function L(s, χ, E/F ) extends to an entire function of s if χ
does not contain the trivial character.

Proof : Follows from Theorem 2.6 and Theorem 1.10. 2

2.4. The main conjectures. In this section we state the basic con-
jectures regarding Artin L-functions. We start with the Dedekind con-
jecture.

Conjecture 2.1. (Dedekind) Let E/F be an extension of number
fields. Then the quotient ζE(s)/ζF (s) extends to an entire function of
s.

Some progress has been made on the Dedekind conjecture. There
are two notable theorems. The first, due independently to Brauer
and Aramata, gives an affirmative answer when the extension E/F
is a Galois extension. A simple proof of Brauer-Aramata theorem (cf.
Corollary 3.1) is presented later on. The second theorem, due inde-
pendently to Uchida [38] and van der Waall [40], gives an affirmative
answer when the extension is a sub-extension of a solvable extension.
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Murty and Raghuram [27] have a generalization of the Uchida-van der
Waall theorem in terms of Artin L-functions.

We now state the Artin conjecture. This is still open and this course
of lectures revolves around this conjecture and reflects on some pro-
grams currently in progress which hope to settle it.

Conjecture 2.2. (Artin) Let G be the Galois group of a Galois ex-
tension E/F of number fields. Let χ be an irreducible character of G
which is not the trivial character. Then L(s, χ, E/F ) extends to an
entire function of s.

The following proposition says that it is enough to prove the Artin
conjecture for Galois extensions of Q.

Proposition 2.1. If for all irreducible non-trivial characters χ of G,
the Galois group of a Galois extension K/Q, the Artin L-function
L(s, χ,K/Q) extends to an entire function of s then the Artin con-
jecture is true.

Proof : Let E/F be a Galois extension of number fields. Let K/Q be
the Galois closure of E/Q. Let G be the Galois group of K/Q and let
H be the Galois group of E/F . Then H is a quotient of a subgroup
of G. Let τ be any irreducible non-trivial character of H. Inflate τ to
a character of the Galois group of K/F. Let θ be the character of G
obtained by inducing τ from Gal(K/F ) to G. By Frobenius reciprocity
θ does not contain the trivial character. By Hypothesis and Statement
(1) of Theorem 2.2, L(s, θ,K/Q) is entire. But then by Statements (2)
and (3) of Theorem 2.2 we have L(s, θ,K/Q) = L(s, τ, E/F ). 2

There is a related conjecture which is in the spirit of the Artin’s
reciprocity Theorem 2.6. This is part of a vast program called the
Langlands program. This conjecture, in the literature, is also called
The strong Artin conjecture or the Langlands conjecture or the Reci-
procity conjecture.

Conjecture 2.3. (Langlands) Let G be the Galois group of a Galois
extension E/F of number fields. Let (ϕ, V ) be an n dimensional irre-
ducible representation of G. Then there exists a cuspidal automorphic
representation π of GL(n,AF ) such that

L(s, ϕ, E/F ) = L(s, π).

Here L(s, π) is the L-function attached by Langlands to the represen-
tation π.
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See Sections 3.3 and 3.9 of [7] for the definition of a cuspidal automor-
phic representation of GL(n,AF ) and the associated L-function. See
[5] for a definitive and a very general account of Langlands L-functions.

Remark 2.1. By the work of Godement and Jacquet [13] it is known
that L(s, π) is entire for a cuspidal automorphic representation π of
GL(n,AF ). So if the strong Artin conjecture is true then so is the
Artin conjecture. However there are cases where the Artin conjecture is
known and the Langlands conjecture is not known. For example, when
G is supersolvable, we know Artin’s conjecture but not the stronger
Artin conjecture. In this case, it can be shown that every irreducible
character is monomial (See [33] for a proof of this theorem.) So the
Artin conjecture follows in the supersolvable case by using Artin reci-
procity.
A cuspidal automorphic representation of GL(1,AF ) is nothing but a
Hecke character of F. (The characters discussed in section 1.4 are a
special case.) Hence the Langlands conjecture is a direct generaliza-
tion of the Artin reciprocity law in the case n = 1. That is why the
Langlands program is considered as a search for a “non-abelian class
field theory”.

We now give a brief survey of the major theorems which throw light
on the Artin conjecture. The first of these is already mentioned in
Corollary 2.1. We mention this again below.

Theorem 2.7. (Artin) Let G be the Galois group of a Galois exten-
sion E/F of number fields. Let χ be a non-trivial one-dimensional
character of G. Then L(s, χ, E/F ) extends to an entire function of s.

There has been throughout this century some progress made in rep-
resentations of finite groups in an effort to find and prove theorems
which might help in a successful resolution of the Artin conjecture.
There is a fundamental theorem due to Brauer which says that any
irreducible character of G is a Z-span of monomial characters. This
combined with Artin reciprocity is the standard way of proving that
an Artin L-function admits a meromorphic continuation to the entire
s-plane. This theme is taken up in Section 3.1.

We now deal with the case of two dimensional representations of G.
One knows by the work of Felix Klein, that all the finite subgroups of
PGL(2,C) are the following:

1. Cyclic group of any order.
2. Dihedral group of any order.
3. Tetrahedral group which is isomorphic to A4.
4. Octahedral group which is isomorphic to S4.
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5. Icosahedral group which is isomorphic to A5.

This gives that any finite subgroup of GL(2,C) is a (finite) cyclic cen-
tral extension of a finite subgroup of PGL(2,C).

Now from easy facts from the representations of finite groups and
from Artin reciprocity the Artin conjecture follows in the cyclic and
dihedral case ( i.e. if (ϕ, V ) is a representation of G on a two di-
mensional vector space then the image ϕ(G) in PGL(V ) is cyclic or
dihedral).

In the tetrahedral case it is a non-trivial theorem of Langlands who
used techniques of base change and proved the strong Artin conjec-
ture. Later Tunnell extended the work of Langlands and proved the
strong Artin conjecture in the octahedral case. These statements are
summarized in the following theorem (see [17] and [37] for details).

Theorem 2.8. (Artin-Langlands-Tunnell) Let G be the Galois
group of a Galois extension E/F of number fields. Let (ϕ, V ) be a
two dimensional representation of G. Let ϕ(G) be a solvable subgroup
of GL(V ). Then L(s, ϕ, E/F ) extends to an entire function of s.

There are presently four programs running and any one of them if
successfully completed will give a proof of the Artin conjecture. These
programs are the following :

1. The Langlands Program : This involves, in its full generality,
heavy doses of harmonic analysis on reductive groups over local
and global fields. The part of it we are interested in is already al-
luded to and is embodied in the strong Artin Conjecture 2.3. We
shall not be going into this approach. See [2], [6], [12], [21], [29]
and [30] for an indication regarding this program and its relation
to the Artin conjecture.

2. Serre’s conjecture : There is a conjecture of Serre in [34] which
says that a two dimensional representation over a finite field of
Gal(Q/Q) which satisfies some conditions (odd and absolutely
irreducible) is modular. We will not elaborate any further on
this matter and refer the reader to [34] for further details. The
connection between Serre’s conjecture and Artin L-functions is
a theorem due to Chandrashekhar Khare (see Proposition 1 of
[16]) that Serre’s conjecture implies the Artin conjecture for two
dimensional representations of Gal(Q/Q). We remark here that
the Artin conjecture is stated differently in [16] but it coincides
with the statement we have given by using the classical converse
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theorem of Weil and Langlands. (See the discussion before Propo-
sition 1 in [16].) For recent progress in this theme, we refer the
reader to [8] and [36].

3. Brauer-Heilbronn-Stark approach : This involves representation
theory of finite groups. Section 3 deals with this approach in
some detail.

4. Selberg’s program : This is in the realms of analytic number theory
and will be dealt with in detail in Sections 4 and 5.

3. The Brauer - Heilbronn - Stark approach

3.1. Brauer’s theorem. In this section we present analytic conse-
quences of a famous theorem of Brauer which says that for a finite
group G, its monomial characters generate over Z the Grothendieck
group associated to G. This theorem may be considered as a prototyp-
ical example regarding statements in finite group theory which shed
light on Artin L-functions. This theorem in particular gives a mero-
morphic continuation for any Artin L-function. In this section we shall
come across more of such group theoretic theorems which have analytic
implications.

Theorem 3.1. (Brauer) Let G be a finite group. Let χ be an irre-
ducible character of G. Then for some integer r ≥ 1 and for 1 ≤ i ≤ r
there exist one dimensional characters ψi of nilpotent subgroups Hi and
there exist integers ni such that

χ =
r∑
i=1

niInd
G
Hi
(ψi).

See [33] for a proof of the above theorem.

Theorem 3.2. (Brauer) Let G be the Galois group of a finite Galois
extension E/F of number fields. Let χ be an irreducible character
of G. Then the Artin L-function L(s, χ, E/F ) admits a meromorphic
continuation to the entire s-plane.

Proof : By Theorem 3.1 we have

L(s, χ, E/F ) =
r∏
i=1

L(s, IndGHi
(ψi), E/F )

ni .

By Theorem 2.2 we have L(s, IndGHi
(ψi), E/F ) = L(s, ψi, E/E

Hi) and
this by Theorem 2.6 and by Theorem 1.10 extends to an entire function
of s. Since the ni’s are integers we get a meromorphic continuation of
L(s, χ, E/F ). 2
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3.2. Heilbronn’s character. We now study the behaviour of an Artin
L-function at an arbitrary but fixed point s0 ∈ C.

Let G be the Galois group of a Galois extension E/F of number
fields. Let χ be an irreducible character of G. Let the order of the
Artin L-function L(s, χ, E/F ) at s = s0 be denoted by n(G,χ), i.e.

n(G,χ) = ords=s0L(s, χ, E/F ).(7)

TheHeilbronn character is not really a character but a class function
defined on G given by the formula :

ΘG(g) =
∑
χ∈Ĝ

n(G,χ)χ(g).(8)

If Artin’s conjecture is true and s0 ̸= 1, then ΘG is a character. A basic
observation due to Heilbronn [15] is the following proposition.

Proposition 3.1. (Heilbronn) Let G be the Galois group of a Galois
extension E/F of number fields. Let H be a subgroup of G. Then

ΘG|H = ΘH .

Here ΘH is the Heilbronn character for the extension E/EH .

Proof : For the sake of brevity we write ψG for IndGH(ψ). We have us-
ing Frobenius reciprocity and orthogonality of characters the following
equations :

ΘG|H =
∑
χ∈Ĝ

n(G,χ)χ|H

=
∑
χ∈Ĝ

n(G,χ)(
∑
ψ∈Ĥ

⟨χ|H , ψ⟩Hψ)

=
∑
ψ∈Ĥ

(
∑
χ∈Ĝ

n(G,χ)⟨χ, ψG⟩G)ψ.

We may now use orthogonality and Theorem 2.2 as follows :

n(H,ψ) = ords=s0L(s, ψ, E/E
H)

= ords=s0L(s, ψ
G, E/F )

= ords=s0
∏
χ∈Ĝ

L(s, χ, E/F )⟨χ,ψ
G⟩G

=
∑
χ∈Ĝ

n(G,χ)⟨χ, ψG⟩G.
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The proposition follows. 2

3.3. A useful inequality. An easy application of finite group theory
to the Heilbronn character gives an inequality involving the orders of
Artin L-functions and the order of the Dedekind zeta function of the
top field. This inequality has amazing consequences. We start with
the theorem:

Theorem 3.3. [11] Let G be the Galois group of a Galois extension
E/F of number fields. Then∑

χ∈Ĝ

n(G,χ)2 ≤ (ords=s0ζE(s))
2

Proof : We have taking the inner product of ΘG with itself,∑
χ∈Ĝ

n(G,χ)2 = ⟨ΘG,ΘG⟩G =
1

|G|
∑
x∈G

|ΘG(x)|2.

Let ⟨x⟩ denote the cyclic subgroup of G generated by an element x in
G. We have using Proposition 3.1

ΘG(x) = Θ⟨x⟩(x) =
∑
ψ∈⟨̂x⟩

n(⟨x⟩, ψ)ψ(x).

By Theorem 2.6 we have n(⟨x⟩, ψ) ≥ 0. Hence we get

|ΘG(x)| ≤
∑
ψ∈⟨̂x⟩

n(⟨x⟩, ψ).

Using the Artin-Takagi factorization (Theorem 2.3) we get∑
ψ∈⟨̂x⟩

n(⟨x⟩, ψ) = ords=s0ζE(s).

Putting all these together gives us the theorem. 2

We now give the (seemingly endless !) corollaries to this theorem.

Corollary 3.1. (Brauer-Aramata) The Dedekind conjecture is true
for Galois extensions, i.e. if E/F is a Galois extension then ζE(s)/ζF (s)
is entire.

Proof : Follows from Theorem 3.3 and the fact that L(s,1G, E/F ) is
ζF (s). 2

Corollary 3.2. Let G be the Galois group of a Galois extension of
number fields E/F. Let χ be any irreducible character of G. Then for
all t ∈ R we have

L(1 + it, χ, E/F ) ̸= 0.
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Proof : Follows from Theorems 1.1, 1.2 and 3.3. 2

Corollary 3.3. (Stark) Let G be the Galois group of a Galois exten-
sion of number fields E/F. If ζE(s) has a simple zero at s = s0 then
L(s, χ, E/F ) is regular at s = s0 for any irreducible character χ of G.

Proof : The right hand side of the inequality in Theorem 3.3 is 1.
So either the conclusion is valid or there is a unique irreducible χ0 for
which n(G,χ0) = −1. By Artin reciprocity, χ0 is not one dimensional.
This gives a contradiction by looking at the Artin-Takagi factorization.
2

Corollary 3.4. (Foote - Murty) Let E/F be a solvable extension of
number fields with Galois group G. Let |G| be odd. If ζE(s) has a zero
at s = s0 of order at most 3 then L(s, χ, E/F ) is regular at s = s0 for
any irreducible character χ of G.

Proof : See [11] or [24]. This result is not an easy consequence of the
above theorem though it begins its analysis from it. It involves rather
intricate group theory for its proof. 2

Corollary 3.5. Any pole of an Artin L-function L(s, χ, E/F ), for χ
irreducible, must occur among the zeros of ζE(s)

Proof : Obvious. 2

Corollary 3.6. If the Dedekind zeta function ζE(s) satisfies the Rie-
mann Hypothesis, i.e. if every non-trivial zero of ζE(s) is on the critical
line σ = 1/2 then the Artin L-function L(s, χ, E/F ), for χ irreducible,
is regular in the half plane σ > 1/2.

Proof : Under the Hypothesis, ords=s0ζE(s) = 0 for σ0 > 1/2, the
lemma follows from the inequality in Theorem 3.3. 2

3.4. Some variations. In this section we present some variations of
Theorem 3.3. The idea being that since Artin L-functions of abelian
characters are anyway entire, one should try to get an inequality as in
Theorem 3.3 without the terms corresponding to the abelian characters.
We look at the specific case when the Galois group is solvable. As a
first step is the following theorem due to the author [24].

Theorem 3.4. Let G be the Galois group of a solvable Galois exten-
sion E/F of number fields. Then∑

χ∈Ĝ
χ ̸=1G

n(G,χ)2 ≤
(
ords=s0

(
ζE(s)

ζF (s)

))2

.
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Using ideas in the proof of Theorem 3.4 one can find and prove the
right group theoretic lemma to prove the following theorem due to
Murty and Raghuram. We refer the reader to [27] for more details on
this theme.

Lemma 3.1. Let G be a finite solvable group. Let H be a subgroup
of G. Let {Gi}i≥0 denote the derived series of G. Let k be the least
non-negative integer such that Gk+1 = {1}. (Assume that G has more
than one element). Then, for all i ≥ 1

IndGH(1H) = IndGH·Gi(1H·Gi) +
∑
j

IndGHj
(ψj)

where ψj’s are one dimensional characters of some subgroups Hj of G
and j runs over some indexing set which might possibly be empty and
all of these depending on H and i.

Theorem 3.5. Let G be the Galois group of a solvable Galois exten-
sion E/F of number fields. Let [G,G] denote the commutator subgroup
of G. Let Eab denote the subfield of E/F fixed by [G,G]. Let S denote
the set of distinct one dimensional characters of G. Then∑

χ/∈S

n(G,χ)2 ≤
(
ords=s0

(
ζE(s)

ζEab(s)

))2

.

We can use the above theorem and the Brauer - Aramata theorem
and deduce the following corollary.

Corollary 3.7. Let G be the Galois group of a solvable Galois exten-
sion E/F of number fields. Let Eab be the fixed field of the commutator
subgroup [G,G]. Let S denote the distinct one-dimensional characters
of G. Then ∏

χ/∈S

L(s, χ, E/F )χ(1)

is entire as a function of s and has only multiple zeros.

Proof : By the Artin-Takagi factorization (refer Theorem 2.3) the
above product is exactly ζE(s)/ζEab(s). By the Brauer-Aramata theo-
rem (refer Corollary 3.1) this quotient is entire. Suppose this quotient
has a simple zero then the right hand side of the inequality in Theo-
rem 3.5 is 1. So there is at most one χ0 such that L(s, χ0, E/F ) has
a simple zero at s = s0 and all the other L(s, χ, E/F ) are necessar-
ily non-vanishing at this point. But then since χ0 is not in S we have
χ0(1) > 1 and therefore the product above has a zero of order χ0(1) > 1
which contradicts the assumption that the quotient had a simple zero.
Note that the corollary follows modulo the Artin conjecture. 2
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4. Selberg’s program

4.1. The Selberg class. The Selberg class is a certain class of func-
tions of one complex variable. The Riemann zeta function of Section 1.1
is a prototype of an element in the Selberg class. In this section we
define the Selberg class and point out various examples of functions in
the Selberg class.

Definition 4.1. The Selberg class, denoted S, consists of functions
F (s) of one complex variable s = σ + it satisfying the following prop-
erties :

1. (Dirichlet Series) For σ > 1 the function F (s) is represented
by a Dirichlet series as F (s) =

∑
n≥1 an/n

s. It is normalized by
a1 = 1. We also sometimes denote an by an(F ).

2. (Analytic continuation) The function F (s) extends to a mero-
morphic function to the entire s-plane such that there exists an
m ≥ 0 for which (s− 1)mF (s) is holomorphic of finite order.

3. (Functional Equation) There exists real numbers Q > 0, αi > 0
and complex numbers ri with Re(ri) > 0 such that, if

ϕ(s) = Qs(
d∏
i=1

Γ(αis+ ri))F (s)

then the function ϕ satisfies the functional equation

ϕ(s) = wϕ(1− s)

for some constant w of absolute value one.
4. (Euler Product) The function F (s) can be factored as

F (s) =
∏
p

Fp(s)

where p runs over all primes and the local factors Fp are of the
form

Fp(s) = exp(
∞∑
k=1

bpk/p
ks).

Further, for some θ < 1/2 one has bpk = O(pkθ).
5. (Ramanujan Hypothesis) For any fixed ϵ > 0, one has an =
O(nϵ).

We now take up the various L-functions in Section 1 and show that
they belong to the Selberg class. We remark here that in all the known
examples of functions in the Selberg class the local Euler factors Fp(s)
are known to be inverses of polynomials in p−s with constant term 1.
Some formal jugglery is enough to convince us that the Euler factor is
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then of the form required in property (4) in the above definition. All the
L-functions considered in Section 1 are defined as Dirichlet series and it
is easily seen that they verify the Ramanujan Hypothesis. It is only the
analytic continuation and functional equation one has to verify. These
too follow from appropriate theorems in the corresponding sections.

Selberg introduced this class of functions to study the value distri-
butions of linear combinations of Dirichlet series with Euler products
and functional equations. See [32] for an elaboration on this theme.

4.2. Basic properties and the Selberg conjectures. In this sec-
tion we give the basic properties of functions in the Selberg class and
will introduce the Selberg conjectures, which predict a certain kind of
orthonormal system in S. These conjectures have rather remarkable
consequences and this will be the theme of this and the following sec-
tion.

In his paper [32] Selberg proves the following theorem on the number
of zeros of a function in the Selberg class.

Theorem 4.1. Let F (s) be a function in the Selberg class. Let NF (T )
be the number of zeros ρ = β + iγ of F such that 0 < γ ≤ T. Then

NF (T ) = αFπ
−1T (logT + c) + SF (T ) +O(1), as T → ∞

where c is a constant, SF (T ) = O(logT ) and αF =
∑

i αi.

¿From the above theorem we get that the number αF =
∑

i αi de-
pends only on F. The number dF = 2αF is called the dimension of
F . Selberg conjectures in [32] that the dimension dF of any function
F ∈ S is an integer. This question has been previously raised by
Vignéras [39]. Note that since NF1·F2(T ) = NF1(T ) + NF2(T ) we have
that the dimension of F1 · F2 is the sum of dimensions of F1 and F2.

We can see, using the theorems in Section 1, that both the Riemann
zeta function and the classical Dirichlet L-function are one dimensional.
The Hecke L-function (and so also the Dedekind zeta function) associ-
ated to a Dirichlet character modulo an ideal m of a number field K has
dimension equal to the degree [K : Q] of K over Q. ¿From Section 2.1
it follows that for an irreducible character χ of Gal(E/F ) the Artin
L-function L(s, χ, E/F ) has dimension equal to χ(1)[K : Q].

We now state an old theorem of Bochner [3] regarding the dimension
of any function F in the Selberg class.

Theorem 4.2. If F ∈ S and αF > 0 then αF ≥ 1/2.

We remark here that Conrey and Ghosh [9] give a simple proof of
Bochner’s theorem and they also show that the fact bpk = O(pkθ) with
θ < 1/2 (this being the essential point) implies that the only functions
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in the Selberg class with dimension zero is the constant function 1.
(Since we deal only with normalized Dirichlet series, i.e. a1 = 1, the
only constants in S is the constant function 1.)

We now go into the multiplicative properties of the Selberg class.
We begin with a simple lemma.

Lemma 4.1. The family S is multiplicatively closed.

Definition 4.2. A function F ∈ S is called primitive if the equation
F = F1 · F2 with F1 and F2 in S implies that either F1 = 1 or F2 = 1.

We will discuss this notion more thoroughly below. Some natural
questions to ask are whether there are any primitive functions at all
and if there are then can every function in S be factored as a product
of primitive functions. Can we make any uniqueness statements about
such a factorization?

By Theorem 4.2 we have that any function in S which has dimension
one must necessarily be primitive. So the Riemann zeta function and
the classical Dirichlet L-function are primitive functions. We shall
see later, assuming the Selberg conjectures, that the Artin L-functions
corresponding to irreducible characters of Galois extensions of Q will be
primitive. (So having dimension one is sufficient and is not in general
necessary for a function to be primitive. The L-function attached to a
Hecke eigenform (not of CM type) gives such an example. See [23].)

It is a theorem due to Selberg [32], Conrey and Ghosh [9] that it is
possible to factorize any function in S into primitive functions. The
dimension of F gives a convenient numerical invariant to prove such an
assertion by an induction argument.

Theorem 4.3. Every function in the Selberg class can be factorized
into primitive functions.

Proof : Take F in S. If F is primitive then there is nothing to prove.
If F is not primitive then write it as F = F1 · F2 with both the Fi’s
not being a constant. Then dFi

≤ dF − 1 and an induction argument
finishes the proof. (Recall that dF = 1 implies that F is primitive.) 2

We now go into the uniqueness of the factorization in Theorem 4.3.
To this end we now introduce the Selberg conjectures.

Conjecture 4.1. (Selberg conjectures)

1. For any primitive F in the Selberg class,∑
p≤x

|ap(F )|2

p
= log log x+O(1).
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2. For two distinct primitive functions F and F ′ in the Selberg class∑
p≤x

ap(F )ap(F ′)

p
= O(1).

We now state and prove an easy theorem in [9] which says that the
factorization of any F ∈ S into primitive functions is unique. To date
there is no proof of unique factorization without assuming the Selberg
conjectures.

Theorem 4.4. Assume the Selberg conjectures, then :

1. Any F ∈ S can be factored uniquely, upto a permutation of the
factors, as a product of primitive functions.

2. Let F ∈ S. Let F = F e1
1 · · ·F ek

k be the unique factorization of F.
Let nF =

∑
i e

2
i . Then∑

p≤x

|ap(F )|2

p
= nF log log x+O(1).

Proof : The proof of (1) follows from two basic observations. If F
and G are in S then ap(F · G) = ap(F ) + ap(G) for any prime p. The
second observation is that, assuming the Selberg conjectures, if P is
a primitive function in S then the highest power (possibly zero) of P
which occurs in the factorization of any F ∈ S is given by

lim
x→∞

∑
p≤x

ap(F )ap(P )

p

log log x

The rest of the details are left to the reader. The proof of (2) follows
by taking ‘inner product’ of F with itself. 2

4.3. Selberg conjectures imply the Artin conjecture. The main
aim of this section is to give a summary of the paper [22] due to the
author in which are proved the two theorems presented here. The first
says that the Selberg conjectures imply the Artin conjecture. Further
if we consider solvable extensions of number fields then the Selberg
conjectures imply the strong Artin conjecture.

Theorem 4.5. The Selberg conjectures 4.1 imply the Artin conjec-
ture 2.2.

Proof : By Proposition 2.1 it is enough to consider the case when χ is
an irreducible non-trivial character of G the Galois group of a Galois
extension K/Q. Using Brauer’s Theorem 3.1 and Artin’s reciprocity
Theorem 2.6 we may write L(s, χ,K/Q) as L1/L2 where each Li is
a product of Hecke L-functions. Since Hecke L-functions are in the
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Selberg class, assuming the Selberg conjectures, we have, using the
unique factorization Theorem 4.4, that

L(s, χ,K/Q) =
m∏
i=1

Fi(s)
ei .

Let χ(p) denote the p-th Dirichlet coefficient of L(s, χ,K/Q). Compar-
ing the p-th Dirichlet coefficients on both sides of the above equation
we get

χ(p) =
m∑
i=1

eiap(Fi).

¿From this we get, using the Selberg conjectures, that

∑
p≤x

|χ(p)|2

p
= (
∑
i

e2i ) log log x+O(1)

We now make the following claim :

Claim : ∑
p≤x

|χ(p)|2

p
= log log x+O(1).

Assuming the claim we get that
∑m

i=1 e
2
i = 1 which implies that

m = 1 and e1 = ±1. So L(s, χ,K/Q) is either F (s) or F (s)−1 for a
primitive function F (s) in the Selberg class. But since L(s, χ,K/Q)
has trivial zeros, by property (2) of Definition 4.1, it must necessarily
be F (s). It now suffices to prove the claim.

The claim really follows from the irreduciblity of χ and the Cheb-
otarev density theorem. If C denotes a conjugacy class in G and gC
denotes any element in the conjugacy class C then we have

∑
p≤x

|χ(p)|2

p
=
∑
C

|χ(gC)|2
∑

p≤x, σp∈C

1/p.

The Chebotarev density theorem may be stated as∑
p≤x, σp∈C

1/p = |C|/|G| log log x+O(1).
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We therefore get using the irreducibility of χ∑
p≤x

|χ(p)|2

p
=

∑
C

|χ(gC)|2|C|/|G| log log x+O(1)

= (|G|−1
∑
g∈G

|χ(g)|2) log log x+O(1)

= log log x+O(1)

This proves the claim and as explained the theorem follows. 2

Corollary 4.1. Assume the Selberg conjectures. Then

1. If χ is an irreducible non-trivial character of Gal(K/Q) then the
Artin L-function L(s, χ,K/Q) is a primitive element in the Sel-
berg class.

2. Let χ be an irreducible non-trivial character of Gal(E/F ). In gen-
eral L(s, χ, E/F ) need not be a primitive element in the Selberg
class. If the character obtained by inducing χ from Gal(K/F ) to
Gal(K/Q) is irreducible, where K is the Galois closure of E/Q,
then L(s, χ, E/F ) is primitive as an element in the Selberg class.

We now present the next main theorem of this section which states
that the Selberg conjectures implies the strong Artin conjecture for
solvable extensions of Q.

Theorem 4.6. Assume the Selberg conjectures. Then :

1. If π is an irreducible cuspidal automorphic representation of
GLn(AQ) that satisfies the Ramanujan Hypothesis then L(s, π)
is in the Selberg class and is primitive as an element of this class.

2. Let K/Q be a solvable extension. Let χ be an irreducible character
of Gal(K/Q) of degree n. Then there is a cuspidal automorphic
representation π of GLn(AQ) such that L(s, π) = L(s, χ,K/Q).

Proof : Proof of (1) is non-trivial and uses the works of Jacquet-
Shalika, Shahidi and Arthur-Clozel. See [22] for details of this. (State-
ment (1) is recorded as Lemma 4.2 in [22].) Assuming (1), a sketch of
the proof of (2) is as follows.

Since K/Q is solvable, by Arthur-Clozel [1], the Dedekind zeta func-
tion ζK is an automorphic L-function over Q. Then by [1] there are
finitely many irreducible cuspidal automorphic representations πi’s of
GLmi

(AQ) such that

ζK(s) =
∏
i

L(s, πi).
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Now using the Artin-Takagi factorization (cf. Theorem 2.3) we get∏
i

L(s, πi) =
∏
χ∈Ĝ

L(s, χ,K/Q)χ(1)

where G = Gal(K/Q). The above equation forces the Ramanujan Hy-
pothesis on all the L(s, πi). Since the right hand side of the above
equation is ζK(s) whose eigenvalues of the p-Euler factors are of abso-
lute value one, so are the eigenvalues of the p-Euler factors of the left
hand side, which is the content of the Ramanujan Hypothesis. We now
get a proof of Statement (2) by using Statement (1), Corollary 4.1 and
Theorem 4.4. 2

Remark 4.1. Note that in the proofs of Theorems 4.5 and 4.6 we
have only used the unique factorization in the Selberg class and haven’t
really used the statement of the Selberg conjectures themselves. (Of
course, Theorem 4.4 allows us to do so.) This remark will be useful in
Section 5.2.

5. Pair correlation

5.1. The classical pair correlation. In this section a short sum-
mary of Montgomery’s paper [19] is presented. In this paper he studies
the distribution of pairs of zeros of the Riemann zeta function of Sec-
tion 1.1.

Throughout this section we assume the Riemann Hypothesis, hence-
forth abbreviated as (RH), which is stated as Conjecture 1.1. So let
ρ = 1/2 + iγ be a non-trivial zero of ζ(s). The aim is to study the
distribution of differences γ − γ′ for zeros 1/2 + iγ and 1/2 + iγ′. To
this end Montgomery defines the following function.

F (α) = F (α, T ) =

(
T log T

2π

)−1 ∑
0<γ,γ′≤T

T iα(γ−γ
′)w(γ − γ′)(9)

where α and T are real and T ≥ 2. The function w is a suitable weight
function which is taken as

w(u) =
4

4 + u2
.

To investigate sums involving γ − γ′ one has to convolve F (α) with
a suitable function ĝ(α). From Equation 9 using elementary properties
of Fourier transforms, we get the following equation.
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∑
0<γ,γ′≤T

r

(
(γ − γ′)

log T

2π

)
w(γ − γ′) =

T log T

2π

∫ ∞

−∞
F (α)r̂(α) dα.

(10)

In the above equation r̂(α) is the Fourier transform of r and is given
by :

r̂(α) =

∫ ∞

−∞
r(u)e−2πiuα du.

Basically given a set S in R and given a weight function w on S
(which extends to a nice function on R) we get a distribution on R by
r 7→

∑
s∈S r(s)w(s). The Fourier transform of this distribution is given

by integrating against a function, say F . So this F is characterised by
the property that ∑

s∈S

r(s)w(s) =

∫
R
F (x)r̂(x) dx

for all r in a suitable (Schwartz) space of functions on R. Indeed, looking
at

F (α) =
∑
s∈S

w(s)eiαs,

we have that∫
R
F (α)r̂(α)dα =

∫
R

(∑
s∈S

w(s)eiαs

)
r̂(α)dα

from which the penultimate identity is clear. In the case at hand the set
S is the set of differences of imaginary values of non-trivial zeros of the
zeta function. To make integrals converge, one looks at only those zeros
whose imaginary values are non-negative and bounded above by T. To
make allowances for the vagaries of the zeta function an appropriate
T log T is thrown in. The point now is to exploit the two Equations 9
and 10. One of the main theorems of [19] is the following.

Theorem 5.1. Assume (RH). Let α and T be real. Let T ≥ 2. Let
F (α) = F (α, T ) be as in Equation 9. Then F (α) is real and F (α) =
F (−α). For fixed α such that 0 ≤ α < 1 we have

F (α) = (1 + o(1))T−2α log T + α + o(1)

as T → ∞. This is uniform for 0 ≤ α ≤ 1− ϵ.

Using the above theorem and suitable test functions r we get the
following corollary.

Corollary 5.1. Assume (RH). If 0 < α < 1 is fixed then
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1. ∑
0≤γ,γ′≤T

sin(α(γ − γ′) log T )

α(γ − γ′) log T
w(γ − γ′) ∼

(
1

2α
+
α

2

)
T log T

2π
.

2. ∑
0≤γ,γ′≤T

(
sin(α(γ − γ′) log T )

α(γ − γ′) log T

)2

w(γ − γ′) ∼
(
1

α
+
α

3

)
T log T

2π
.

Statement (2) of the previous corollary is used to prove the fact
that at least two thirds of the zeros of the Riemann zeta function are
simple. (This is remarkable because before Montgomery’s paper the
only result in this direction was due to Selberg [31] which appeared
almost thirty years before [19]. Selberg proved (unconditionally) that a
positive density of zeros of the Riemann zeta function have an odd order
and lie on the critical line.) This fact is recorded in the corollary given
below. (Recall that the number of zeros of the Riemann zeta function
whose imaginary value lies between 0 and T behaves like T log T/2π.)
It is expected that all the zeros of the zeta function are simple.

Corollary 5.2. Assume (RH).∑
ρ simple, 0≤γ≤T

1 ≥
(
2

3
+ o(1)

)
T log T

2π
.

Note that in Theorem 5.1 the formula describes the behaviour of
F when α < 1. One may ask for the behaviour of F when α ≥ 1.
Some easy remarks (see page 183 of [19]) suggests that Theorem 5.1
will no longer be valid in this region. Some heuristics (see Section 3 of
[19]) suggest the following conjecture, which we call the classical pair
correlation conjecture.

Conjecture 5.1. Assume (RH). Let α ≥ 1 be fixed. Then

F (α) = 1 + o(1)

as T → ∞.

It can be seen, using Equation 10, that the above conjecture is equiv-
alent to the fact that Equation 11 below holds. For any real α and β
let I(α, β) be the set X ∈ R such that 2πα/ log T ≤ x ≤ 2πβ/ log T.

∑
0≤γ,γ′≤T
γ−γ′∈I(α,β)

1 ∼

(∫ β

α

(
1−

(
sin πu

πu

)2
)

du+ δ(α, β)

)
T log T

2π
.

(11)
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Here δ(α, β) is 1 if α and β have opposite signs and is 0 otherwise.
In a certain terminology the above equation is formulated as the as-

sertion that the function 1−(sinπu/πu)2 is the pair correlation function
of the zeros of the zeta function. It follows easily from the above equa-
tion that all zeros of the zeta function are simple. (Take β positive and
close to zero and let α = −β.)

In [19] is mentioned a remark due to F. J. Dyson that the eigenvalues
of a random complex Hermitian or a unitary matrix of large order has
exactly the same pair correlation function. This suggests that there
maybe a linear operator whose eigenvalues are the zeros of the zeta
function.

5.2. Pair correlation for the Selberg class. In this section we
present a summary of the paper [26] due to author and Perelli, which
formulates an appropriate version of pair correlation of functions in the
Selberg class S which was considered in Section 4.

Here we take two functions F and G in the Selberg class S and
compare the zeros of F against the zeros of G. (We continue to use
the notation set up in Section 4 regarding all matters concerning the
Selberg class, in particular for the data defining a function F ∈ S.)

We also assume the Generalized Riemann Hypothesis, henceforth ab-
breviated (GRH) for the Selberg class. Recall that the trivial zeros of
a function F ∈ S are those which come from poles on the Γ-factors
in its functional equation. By (GRH) we mean that all the non-trivial
zeros of any F ∈ S occur on the line σ = 1/2.

Let F,G ∈ S. To this is attached the following function.

FF,G(α) =
π

dFT log T

∑
−T≤γF ,γG≤T

T iαdF (γF−γG)w(γF − γG)(12)

where dF is the dimension of F, 1/2 + iγF is any (non-trivial) zero of
F and similarly for G and further w is the same weight function as in
Section 5.2. The similarity with Equation 9 is obvious.

Note that the function FF,G is not symmetrical in F and G. This
although not absolutely necessary turns out to be technically useful.
(Refer [26] where they fix F and ‘play’ G against F.)
The pair correlation conjecture for the Selberg class can now be

stated.

Conjecture 5.2. Let F and G be two primitive functions in S. Then

FF,G(α) =

{
δF,G|α|+ dGT

−2|α|dF log T (1 + o(1)) + o(1) , if |α| < 1
δF,G|α|+ o(1) , if |α| ≥ 1
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as T → ∞ and uniformly for α in any bounded interval. The symbol
δF,G stands for 1 if F = G and for 0 otherwise.

The non-trivial zeros of F and G are said to be strongly distinct if
they are placed on different points on the line σ = 1/2. One of the main
theorems proved in [26] is the following one where some consequences
of the pair correlation conjecture for the Selberg class are presented.
In particular one has that the pair correlation conjecture implies the
Selberg conjecture 4.1. Using Theorem 4.5 we therefore get that the
pair correlation conjecture implies the Artin conjecture 2.2.

Theorem 5.2. Let F and G be two distinct functions in the Selberg
class S.

1. Assume Conjecture 5.2. Then all but o(T log T ) non-trivial zeros
upto T of F (s) are simple.

2. Assume Conjecture 5.2. All but o(T log T ) non-trivial zeros upto
T of F (s) and G(s) are strongly distinct.

3. If the asymptotic formula in Conjecture 5.2 holds for some α0 then
S has unique factorization.

We remark that Statement (2) of the above theorem should be com-
pared with Theorem 1 of Bombieri-Perelli [4] where the pair correlation
conjecture is not assumed.

Corollary 5.3. The pair correlation conjecture 5.2 for the Selberg class
implies the Artin conjecture 2.2.

Proof : Follows from Statement (3) of Theorem 5.2, Remark 4.1 and
Theorem 4.5. 2

We remark here that by Corollary 3.6, using the generalized Riemann
hypothesis for ζE, we get for an irreducible non-trivial character χ of
Gal(E/F ) that the Artin L-function L(s, χ, E/F ) is entire in the half
plane σ > 1/2. Pair correlation is needed to deal with the critical line
σ = 1/2. Of course, if L(s, χ, E/F ) is holomorphic on σ ≥ 1/2 then
using the functional equation in Theorem 2.1 (and the fact that the Γ
function is nowhere vanishing) we get the Artin conjecture.
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